We give a new solution to the Rhoades' open problem on the discontinuity at fixed point via the notion of an S-metric. To do this, we inspire with the notion of a Zamfirescu mapping. Also, we consider a recent problem called the "fixed-circle problem" and propose a new solution to this problem as an application of our technique.
Introduction and Preliminaries
Fixed-point theory has been extensively studied by various aspects. One of these is the discontinuity problem at fixed points (see [1, 2, 3, 4, 5, 6, 24, 25, 26, 27] for some examples). Discontinuous functions have been widely appeared in many areas of science such as neural networks (for example, see [7, 12, 13, 14] ). In this paper we give a new solution to the Rhoades' open problem (see [28] for more details) on the discontinuity at fixed point in the setting of an S-metric space which is a recently introduced generalization of a metric space. S-metric spaces were introduced in [29] by Sedgi et al., as follows:
for all x, y, z ∈ R. Then S is an S-metric which is not generated by any metric and the pair (X, S) is an S-metric space.
The following lemma will be used in the next sections. Lemma 1.4. [29] Let (X, S) be an S-metric space. Then we have S(x, x, y) = S(y, y, x).
In this paper, our aim is to obtain a new solution to the Rhoades' open problem on the existence of a contractive condition which is strong enough to generate a fixed point but which does not force the map to be continuous at the fixed point. To do this, we inspire of a result of Zamfirescu given in [33] .
On the other hand, a recent aspect to the fixed point theory is to consider geometric properties of the set F ix(T ), the fixed point set of the self-mapping T . Fixed circle problem (resp. fixed disc problem) have been studied in this context (see [6, 18, 19, 20, 21, 22, 23, 26, 27, 30, 31] ).
As an application, we present a new solution to these problems. We give necessary examples to support our theoretical results.
Main Results
From now on, we assume that (X, S) is an S-metric space and T : X → X is a self-mapping. In this section we use the numbers defined as whenever M S z (x, y) > 0. Let us consider any x 0 ∈ X with x 0 = T x 0 and define a sequence {x n } as x n+1 = T x n = T n x 0 for all n = 0, 1, 2, 3, .... Using the condition (i) and the inequality (2.1), we get
Assume that M S z (x n−1 , x n ) = aS (x n−1 , x n−1 , x n ). Then using the inequality (2.2), we have
. Again using the inequality (2.2), we get
and hence
This yields S (x n , x n , x n+1 ) < S (x n−1 , x n−1 , x n ) .
. Then using the inequality (2.2), Lemma 1.4 and the condition (S2), we obtain
Considering this, we find
If we set α n = S (x n , x n , x n+1 ), then by the inequalities (2.3), (2.4) and (2.5), we find
that is, α n is strictly decreasing sequence of positive real numbers whence the sequence α n tends to a limit α ≥ 0. Assume that α > 0. There exists a positive integer k ∈ N such that n ≥ k implies
Using the condition (ii) and the inequality (2.6), we get
for n ≥ k. Then the inequality (2.8) contradicts to the inequality (2.7). Therefore, it should be α = 0. Now we prove that {x n } is a Cauchy sequence. Let us fix an ε > 0. Without loss of generality, we suppose that δ (ε) < ε. There exists k ∈ N such that
for n ≥ k since α n → 0. Using the mathematical induction and the Jachymski's technique (see [10, 11] for more details) we show
for any n ∈ N. At first, the inequality (2.9) holds for n = 1 since
Assume that the inequality (2.9) holds for some n. We show that the inequality (2.9) holds for n + 1. By the condition (S2), we get
From Lemma 1.4, we have
and so it suffices to prove
To do this, we show
Using the definition of M S z (x k , x k+n ), the condition (ii) and the inequalities (2.10), we obtain
whence {x n } is Cauchy. From the completeness hypothesis, there exists a point u ∈ X such that x n → u for n → ∞. Also we get
Now we prove that u is a fixed point of T . On the contrary, u is not a fixed point of T . Then using the condition (i) and the property of φ, we obtain 
a contradiction. So it should be u = v. Therefore, T has a unique fixed point u ∈ X.
Finally, we prove that T is discontinuous at u if and only if lim .
Hence T satisfies the conditions of Theorem 2.1 with
Now we give the following results as the consequences of Theorem 2.1. ii) There exists a δ = δ (ε) > 0 such that ε < t < ε + δ implies φ(t) ≤ ε for any t > 0 and a given ε > 0.
Then T has a unique fixed point u ∈ X.
The following theorem shows that the power contraction of the type M S z (x, y) allows also the possibility of discontinuity at the fixed point. We note that if the S-metric S generates a metric d then we consider Theorem 2.1 on the corresponding metric space as follows:
Theorem 2.6. Let (X, d) be a complete metric space and T a self-mapping on X satisfying the conditions i) There exists a function φ : R + → R + such that φ(t) < t for each t > 0 and
for all x, y ∈ X, ii) There exists a δ = δ (ε) > 0 such that ε < M z (x, y) < ε + δ implies d(T x, T y) ≤ ε for a given ε > 0.
Then T has a unique fixed point u ∈ X. Also, T is discontinuous at u if and only if lim x→u M z (x, u) = 0.
Proof. By the similar arguments used in the proof of Theorem 2.1, the proof can be easily proved.
An Application to the Fixed-Circle Problem
In this section, we investigate new solutions to the fixed-circle problem raised byÖzgür and Taş in [19] related to the geometric properties of the set F ix(T ) for a self mapping T on an S-metric space (X, S). Some fixed-circle or fixed-disc results, as the direct solutions of this problem, have been studied using various methods on a metric space or some generalized metric spaces (see [15, 16, 20, 21, 22, 23, 26, 27, 30, 31, 32] ). Now we recall the notions of a circle and a disc on an S-metric space as follows: [20] , [29] .
If T x = x for all x ∈ C S x 0 ,r (resp. x ∈ D S x 0 ,r ) then the circle C S x 0 ,r (resp. the disc D S x 0 ,r ) is called as the fixed circle (resp. fixed disc) of T .
We begin the following definition. , for all x ∈ X.
We define the following number:
Now we prove that the set F ix(T ) contains a circle (resp. a disc) by means of the number ρ.
Theorem 3.2. If T is an S-Zamfirescu type x 0 -mapping with x 0 ∈ X and the condition S(T x, T x, x 0 ) ≤ ρ holds for each x ∈ C S x 0 ,ρ then C S x 0 ,ρ is a fixed circle of T , that is, C S x 0 ,ρ ⊂ F ix(T ). Proof. At first, we show that x 0 is a fixed point of T . On the contrary, let T x 0 = x 0 . Then we have S(T x 0 , T x 0 , x 0 ) > 0. By the definition of an S-Zamfirescu type x 0 -mapping and the condition (S1), we obtain
a contradiction because of b ∈ [0, 1). This shows that T x 0 = x 0 . We have two cases: Case 1: If ρ = 0, then we get C S x 0 ,ρ = {x 0 } and clearly this is a fixed circle of T . x 0 ,ρ then D S x 0 ,ρ is a fixed disc of T , that is, D S x 0 ,ρ ⊂ F ix(T ). Now we give an illustrative example to show the effectiveness of our results. 
